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Lemma 1 Local public goods with and without spillovers are Pareto efficient for an economy
with a majoritarian electoral system, single member districts, a democratically centralized

government, and a centralized party system. All parties converge in providing a uniform local
*Z,— i

public good across districts, g;?t = g.»~" = g} V z satisfying

—i

fhi(e)galde + ki fh—i(e—i)gg : Z fhl(e —del (A1)

Vet Vet Vl—lvel

Proof

The parties’ problem is Max 6Z(gZ €2 ) = nZ(pZ) subject to g2 = gZ~" = gZ. We impose the

052 _ 9pE
agé g%

equality restriction in the objective function of party z. The first order conditions is

OFZI(WZ) gv?i 967t |, . ., . .
Yvi-i J,ih'(e) Cq(m ) ZZI 257 de! =0 Vg:* > 0.The parties’ policies converge, g% =

g>~? = g, in probabilistic voting models with homogeneous parties (see Coughlin 1992) hence

ZL(0) = CZ'_i(O)EIR Vi,vz. Therefore the first order condition becomes

vt oGt |, vt aGt 1\ out vt a6t
i l_ _ —_ ) — =
Xvi-i fv e ( )aala =0. Use aGlag,. (1 th” )aat (N) axt and a6t g,

- ou~t . . " . g
(1 + k! )ac — — (N) pregile show that the uniform local public good g satisfies

—i

fh‘(e)gGlde + ki fh‘i(e‘i)gg_ide‘i ={= Z fhl(e )—de (A.2)

Vel Vel Vl—lVel

Lemma 2 Party centralization in a system of local governments leads to a set of Pareto efficient
local public goods with and without spillovers gg, = [gzi,g;;i]. At the political equilibrium,

gt vi, vz satisfies the following:

fhi(e)gGlde +k f h‘i(e‘i)ggjde‘i - {N} fh‘(e)—de (A.3)

Vel ve i Vel
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Proof

In the local election of district i party z selects g;7' € argmax n%, = % (pZ, p%~ ) The first

*Z1 ; a”ZLapﬁ ong, ach_.
order condition for an interior maximizer with g;7'* > 0 is —5—% —<—=20. By
0p¢y, 99¢L, ach og¢y,
definition p% = ¢Z — ¢p-7* and the sum of the expected proportion of the votes for parties z

zZi
and -z is 1, that is, pZ + ¢ 7' =1 Vi therefore Zpgf = gqb;f for g:?' vi,Vz. Then ‘ng =
IgcL cL

fo o) £ {25~ ()20 det ang %=k, h(e ) 5 B e, The

*—ZI

convergence of the parties’ policies g:% = gi;? =gl Vz,—z€i implies fZ(0) =

27L0) e R, ,pA =pZ ' =0Vi,Vz Define 0! =% -
apc’L apCL

=1,vi therefore

6nCL apcl., ongy ach_
opZf 894 apZ " 894

= 0 is equivalent to

oaout . N [T 1 o opt
fh‘(el)a—gidel+k“ fh“(e“)#de‘l - {N} fhl(e‘)a—l;idel (A.4)

Vel Vel Vel .

Theorem 1 “Strong Decentralization Theorem”. The provision of local public goods with and
without inter-regional spillovers by a system of local governments welfare-dominates their
centralized provision when party systems are centralized.

Proof

It is simple to verify that conditions (2), (4) and (6) imply 8" = ge¢. # 8¢ for 8%, 8c, 8¢ €
R% g =[g" 677" gi =[g:, 9:7'] and gi=[gsf,g9:7"] By the strict concavity of
NSW =3y [, h'(e')vi(e’,G')de' on the constrained policy space 3 feasible g° =

10 —i0 i1 ,—il . — 1 —

[9°,970].8" = [g" g™ L Q€ (010 = 1 r = — 2

such that NSW(g® > {QNSW(g!) + (1 —Q)NSW(g®)}. Note QNSW(g!)+ (1-
Q)NSW(g®) = NSW(g°) + Q{NSW (g!) — NSW(g®)} which implies NSW (g®) — NSW (g°) >

and g?=Qg'+(1-Q)g°
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Q{NSW (g") — NSW(g®)}. We take Limygn_gio) _o MNSW(g") — NSW(g)} = aNS—W(“")+
ONSWE) 14 show
a9t
IONSW ANSW
NSW(8") — NSW (g) > G (&) (A.5)

dg' gt
Without of loss of generality, set g =g* =[g*, "], where §** and g~ are global

maximizers of NSW and g° is some feasible g = [g%, g']:g # &" then it is satisfied that

ONSW (") _ ONSW(§")

gt = agi =0 V§t>0Vi = NSW(g") >NSW(g) V g'# g*,vi. Therefore

conditions (2), (4) and (6) mean g¢;, = " and g¢ # &* and hence NSW(gg.) > NSW(gg).
|

Lemma 3 For economies with a decentralized party system and democratic centralization a
uniform and Pareto efficient local public good g' = gt = giZ V z is provided such that it

satisfies the following:*

Z a?t f hi(ei) ngi(gzz)dei
Vi—i

Vel

zV i,—i J El(él) gf

él

0et (g )de | — o (A.6)

Where vzt = {ou?/9G'} — {%} {0u?'/0x'} vzi. Moreover, a? € (0,1):

. Gl and - OFFY
a7 = Z 5,7 | M )awl / Jhl(el)alpzide‘ (A.7)
! Vi,—il= {12} l

1={1,2} Vel Vei

and ang hi(e?) OF et (A4.8)
plZ ' alplzl
Vl —-il= {1 2} Vel

Z

yZ is a weighted rate of substitution between marginal changes in the parties” plurality in the

primary and the general election, and

! Note that equations (A.6) to (A.9) are conditions (8) to (11) in the paper.
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o1 aFlZl OLPZL (?l'ld )
0% = Z Z 37 alZl WA ag fh‘( )alIJZl de' (A.9)
L Vl il= {12}

vi,—i1={1,2} v el

Where ¢/ is a weighted covariance between the marginal probability of voting for party z in the

nationwide general electlon and the change in well being of voters from an increase in the

Zl’

Zi

provision of the local public good a;’lz

Proof
For an economy with party decentralization and a single government, party z designs public
spending to maximize )7 (5, p/*) subject to g3 = gZ~" = gZ. We impose the equality

restriction in the objective function of party z. The first order condition for the party’s problem is
oNg 09§ N ollg 0¢;
9p; 094 dpi 09q

=0 Vg;/>0,VzVi (A.10)
1={1,2}

By definition ¢Z = Yy; _; p&', p7 = Yy _; 7 for I = 1,2. The sum of the expected votes for
parties z and -z in both the primary and the general election is one then qu + J)gz =1, and

¢F +¢;7 =1Vl Since g7t =g/ "'=gF then %5 _ J, éiﬁi(é ) =% R 9% hei v and

295 a%Zl ag%
ad’l = [, hi(e )a:fm ‘?;JZZ de® for I = 1,2,Vi. It follows that the first order condition is given
by
oIz ] R o oIz oFF 9Pz
z Z ( ) Zi Z == ~Z Z f h ( ) Zi Z del (All)
1={1,2} apl Vi,—iy el al}, 99 apo Vi,—iy gi al}’ 99

From the definition of the covariance between A and B, o(A,B) = E[AB] — E[A]E[B]. Re-

. OFZL oFF! 0Pz gwr .
define A = =%, —t and B = {—%,—L¢ for [ = 1,2 to find:
oPg’ o 0g% "’ 095

F7 WA
jhl( )awlaz ¢ =

Vet

O ), [ nicer i [ nicer M getl  ar2)
e )———de e )——de .
o \ 57 g | 0w | 995

Vel Vel
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mzi

Define 228 = ﬁji = _om (%) and 2% — ugi T ( ) vl and use (A.12) into

9% aG:  ox% 9% 367 ax7
(A.11) to show
otz SEINGL CL
2 [ pi(et) wlde [ Hi(en S det =
vi,—i \1={1,2} i Vel v el Ja
GlIH Zi(aFfi atpfi) GlIH .
— Z z =0, — =7 | — 3= 2 Jh‘(e vj‘de (A.13)
vi—i 1={1,2} op; oW 0ga 9p5 Vi—iy gi

Define a? € (0,1): Xy;_; @?* = 1 where

. o1 . OFF o FFE
at= ) oo ) M) ggm e’ ). 2. aor ) M )aqﬂl ¢ Al
L ! Toil={12) !

1={1,2} Vel Vel

And

an an F7
Z 2 | hi(e )awl el (A.15)

Z

Vi,— ll {12} Vei

And

onZ % alle on? - OFF
0 = z Z ﬁaf lm - fh‘(e‘) Lde!  (A.16)
apl lp agd Vl il= {1 2} i aq}l

Vi,—i l={1,2} Vel

Use (A.14), (A.15), and (A.16) into (A.13) to obtain the expression in (A.6)?

ZVi,—iaZi fhl(e )vii(git)de?

Vel

z fh‘(e Zlvgl(g;;z)de - a2 (A.17)
Vi—i

® This is equivalent to expression (8) of Lemma 3 in the paper.
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Lemma 4 For economies with a decentralized party system and democratic decentralization,

local public goods g;# V i,—i are provided such that g;Z" satisfies the following:
- aFOZ‘ ,

| eyt (gi)det = x| B o, (gii)aet | o (a19)

v el
Where

. onZt omzt oFF .
yoi = | hi(et) S de (4.19)
apgl aplZl 1_IJZI.
l={1,2} vel

Where y?' is a weighted rate of substitution between marginal changes in the party’s plurality in

the district’s primary and the general local election, and

. omz (OFF OWH omzt oFF
i = Z Falm(W’a i z o7 jh‘(e)aquzdel (4.20)
P v 99au/ ] 57 9P !

1={1,2} Vel

Where ¢Z! is a weighted covariance between the marginal probability that voter type e’ votes for

party z in the local general election in district i, and the change in the well being of voters

Zl’
l

zi

from an increase in the provision of the local public good

0 fz‘L'
Proof

In a federation with party decentralization, the spending policy of party z in district i is g7 €
argmax w3t (pE, p?') v I = {1,2}.° The first order condition of the party’s problem is
zi a I zi zi a zZi

s L 0o + P _

apél 9931 6p 995

(4.21)
1={1,2}

From definition, ¢§' = [, h'(é") FZi(‘TJZi)déi and @' = [ h'(e') FF(W7')de' for

I = {1,2}. Obtain dpz‘/dgZt, a¢p?'/agZ Vi, and re-arrange terms to re-express (A.21) as
follows

* Since the policies of candidates j € zi and j' € zi converge, we re-define g;j = g;’L'ZL = giZ.
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i OFf 9%
Jwzi zz = ~Zl ( ) zi Zi de (A' 22)
atp g a Pz ggzt

= {1 2}

From the definition of the covariance between A and B, o(A,B) = E[AB] — E[A]E[B]. Re-

. AFFt OFF 0P% vt .
define A ={ — lzi} and B = { 2, z‘i} for [ = 1,2 to express the following
oWz’ gy 097’ 897

[ 1) 30 0¥ ot =
0w/ 0gg)

Vel
[ OFF W7 N OFF o OWE
oft | ==, —— | + fh‘(e‘)—l.de‘ fhl(el)—l.del (A.23)
oW dgg;, . 0w . 09aL
Vel Vel
Where af (Z:fz[,glpz[) is the covariance between AF7'/0WZ' and the voter's marginal
Cris

wellbeing, dWZ' /dgZL, due to a change in the provision of the Iocal public good in district i. Use

Zi

owst .. opft  ap (1 QW g _ aut aul
conditions ooiL Ug., = PR and Py vgh, = oG oxt vl and substitute

(A.23) into (A.22) to establish

an AFZ 9Pz | . ot .
' dL fV el ( )aipozi ag—gl el — Zl={1,2} apif O-lZl
hi(et)vZ de' = di L (A.24)
gddL an.m oF Zi
Vel Zl {12}6 dL fVezhl l) 1p21d el
Define
- omZ oz . OFFY
)(Zl 55 Zl/ Z 3 ;{ Jhl(el)mdel (A.ZS)
pO 1={1,2} pl v el l
And

omZl . [OFF QWZ otz oOFF
ol = Z o (OFF O%F z al fhl(e) de!  (A.26)
aplZl alplZl agéi ale 1_IJZl

1={1,2} 1=(1,2) "l i

To express condition (A.24) as follows

. - oF¢ .
[ Wit oihte = [ F(e S ait)aet ) - it a2

Vel v &l
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Theorem 2 In majoritarian democracies with a decentralized party system and open primaries,
the strong decentralization theorem does not hold but the conventional decentralization theorem

holds.

Proof

For the economy with party decentralization and a system of local governments, the politically

optimal policy for party z in each district is g > 0 Vi, —i satisfying:

f hi(et) v7i(git)del = —x* f h‘(e)

Vel v et

ﬁZ‘(g*Z‘)de — o2t (4.28)

Under open primaries, the distribution of preferences over policy of voters voting in the primary

is the same as the distribution of preferences of voters voting in the general election. Therefore,
hi(e') = h'(é") and vzt (gii") = 2% (gai') Vz. In this case, the parties’ policies converge,

AFZL(0) IFZ(0)
(\)PZL - CO d al Zi
k4

therefore P&t = P2t = 0, WA = W2 = 0 vz, VI, = ¢, Yz, V1 where

OFZL owi
oWl 094,

cp,C, are positive  constants.  Hence afi< ) 0VI = il = and

J, s R (! o ~Zl(g*“)de = [, i h'(e") 05, (gai )de'. Moreover, ' =0 and pf* = 0 for

l.le
. Ing(0) _ amgi(0) _
[ = {1,2} leading to T ¢, € R, Vz and the following conditions hold:
0
oFF S
f hl(e ) W de' =, f h‘(e‘) de' =c; ER, Vz, (A.29)
Vel Vel

Since [, h'(e") de’ = 1 measures the proportion of voters in the local election, and

ot = O > i f hi(e )
opst) 4= ot

el

de =c,/2c,c; = constant (A.30)
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Use (A.29) and (A.30) into (A.28) and re-arrange terms to show that the first order condition for

g:2t Vi, —i satisfies the following condition:

f hi(et) ng"(gZiL)dei =0 = gZ =g} VzVi (A.31)
Vel
Now consider an economy with party decentralization in open primaries and a nationwide
government. By (A.4) in Lemma 3, the characterization of the first order condition for this

economy with g3* > 0 is given by:

Z Q7 f hi(e?) V7 (g de!
Vi—i

Vel

= —y* Z f ﬁi(éi)iozi.ﬁ“(g*z)déi — oZ (A.32)

Vi—i J Pz 9 79 @
vét

In this equilibrium, the parties’ policies also converge then g} = g; and following similar steps

as those shown above imply that the first order condition in (A.32) can be expressed as follows:

fhi(ei)vji(g;;)dei = — f h=i(e v (gy)de™ (A.33)

v et Vet
Moreover, recall from condition (2) that §* > 0V i: §** € argmax [, ,h'(e)v'(e',G')de" is

the global maximizer of the aggregate well-being of residents of district i such that it is satisfied”

j hi(et)vi(§)det =0 Vi g >0 (4.34)
Vel
Therefore
j hi(eD)vi(g)de! = j hi(evi(gl)de! Vgl # gt (4.35)
v el Vel

Without loss of generality, the heterogeneity of preferences of voters for public goods means
g*t = g*~L.°> Moreover, condition (A.31) of Theorem 2 and condition (2) of proposition 1 imply

* See that condition (A.34) is equivalent to condition (2).
> The heterogeneity of preferences means that, in general, g** > g*~ or g** < g*~'. For the purpose of our
analysis, and without loss of generality, we assume g** > g*~%.
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A

that g3 = g*' Vi, and the expressions in (A.33) and (A.34) imply gi;' < g < g5t . These

outcomes and condition (A.35) means

J.hi(ei)vi(g:iiL)dei+ f h‘i(e_i)v_i(gflzi)de_izz o fhi(ei)vi(g;f,)dei (A.36)
v el Vel Vl'_lVei ]

Theorem 3 The strong and the conventional decentralization theorems do not hold in

majoritarian democracies with decentralized party systems and closed primaries.
Proof

A party z seeking to form a central government in politically decentralized regimes with closed

*Z,—1

primaries selects g7 € argmax NZ(pE, p?,p%) subject to g;** = g/~ " = gi?. Moreover
gt € argmax [, h'(e')vi(e’,G')de’ Vi where §* is the policy that maximizes the
nationwide surplus from the fiscal exchange associated with a local public good in district i.
Condition (A.6) of Lemma 3 and condition (2) from proposition 1 imply that, in general,
giF # g** vi. Similarly, in a system of local governments with party decentralization and closed
primaries, party z selects g}z € argmax mZ Vi. Condition (A.18) from Lemma 4 and

condition (2) from proposition 2 show that, in general, gz # §* Vi. As a result, in general, the

nationwide aggregate wellbeing of voters satisfies the following

[ty | et

Vel Vel
Z f hi(e!) vi(gsF)de (A.37)
Vi—i J
Vel





